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ABSTRACT 

Ttlis paper describes a very fast Systolic Arrl:'iy for Matrix Product. 
Systo 1 ic Si stems usually achi e ve high performance by sllowi ng 
computations to be pipelined over a lsrge array of processing 
elements. To achieve even higher performance the systolic array 
proposed in this paper utilizes a column broadcasting technique plus a 
second level of pipelining by allowing the processing elements 
themselves to be pipelined. This systolic array shows not only high 
performance, but also optimality in terms of e~ree and time 
complexíty by applying recursivery the fitting rows method to 
reduce the 1/0 bandwidth and speedup the matri:< product algorithm 

Keyword: Systolic algorithms , pipeline , metrix multiplication, 
speedup, VLSI. 
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1.- INTRODUCTION 

The developments in m1croe1ectron1cs have revolutionized computar 
design. lntegrated círcuít technology has increased the number ond 
complexítg of components thot con fít on o chip. As o result, this new 
technology mokes it feosíble to bu11d low cost speciol devices to solve 
sophisticoted problems. These devices ore bosed on multiprocessor 
structures emd in the use of parallel algoríthms. For these reasons, our 
main interest is in designing parallel algor1thms with simple and regular 
data flows and using pípeliníng as a general method for ímplementing 
these algoríthms in hardware. The results are Systolic arrays 1 which is 
the name given by Kung [ 1] to a single and regular ínterconnection of 
processor elements which coopen~te to carry on an especific task (motrix 
multiplicotion in this cose). Pípelining o set of processor elements plus 
pipelíníng wíthin eoch stoge should lead to the best possible performance 
this is optimíze orea ond time obtoíning o greot improvment with respect 

: to previous work. 

The first contr1but1on to systolic system was made by Kung and 
Leí serson in 1 978 [ 1 L S uros. and Montagne [2, 3] opt i mi zed the systo 1 i e 
netvv'orks propasad by Kung by fitting first diagonals·and then fitting rows 
for reducing 1/0 bandwidthl lsern [7] and Montagne 1 Sures ond lsern [4] 
obtoined occeleration by the use of o systemotic oligning method colled 
row fitting which also reduce the orea of the systolic orray. Kung also 
proposed a two level pipelined systolíc orroy [5] for on olgorithm of 
multidimensíonal convolution. 

Section 2 describes one Jevel pipeline matrix-multiplication with 
regular structure and fitting r.owsl showíng estimates of acceleration and 
Area. Sectíon 31 describes the new proposed algor1thm1 the fitting rows 
model for a two levels píplined systolic orray w1th broodcastingl ond 
finolly section 4 shows results ond conclusions. 

2.- MATRIX PRODUCT ON SYSTOLIC ALGORITHM: 

Befare describing systolic arraysl some concepts are to be defined: 

( 1) Elemental processor: a processor that executes 

e = e + (o*b) 

604 



(2) T 8(n): Sequenci e~1 execut ion tí me 

(3) T p(n): Para11el executíon time 
(4) EPU: Effícíency of processor utilízotíon 

EPU = T 8(n)/T p(n)*P 

where P ís the number of processors emd O EPU 

(5) Arecc Number of processors in a systolic network 
(6) IPSP : lnner product step processor. 

A well-know systolic array to compute an n * n band matrix-vector 
multíplícation AX =V was oríginally reported elsewhere [6]. Figure 1 and 2 
c:lepícts this organization for a b~:md matríx and the first seven steps of 
the a 1 gorí thm. 
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For the case of m~trix muHiplícatíon ít ís easy to see that the matnx 
product e = (cq) of A = {aij) ond B :::: (bq) can be computed by the f o 11 owí ng 

recurrentes. 

Thi s recurrences e en be e val uated by pipel íní ng the aij, bí j and cí j 

through a systolic array having w1. w2 (bandwidth of A and B 

respectively) Hex-connected IPSP or through a systolic array having W.N 
(NxN matrix) orthogonally-connected IPSP (see figure 3). The latter will 
be the one used flll along thts work, this one is an extension of 
Leiserson/Kung motrix-vector multlplicotion olgorithm for N vectors. 

FIGURE 3 
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Let A = (oí j) be o mm me tri x wí th bondwi dth w = 2n- 1 ond X t:1 n 
elements vector. lt ís readíly seen thot ofter w units of time (fillíng time 
FT) the results of the product 't=Ax start sh1fting out from the left~end 
processor at the rate of one output every two time units. Therefore, usíng 
our net work a 11 the n components of V can be computed í n 2n-1 +w tí me 
uníts, whích compared wíth the O(wn) time units needed for th~~;nequential 
algorithm on ll uníprocessor, ís a great ímprovement. 

Let see the formula: 

e¡) Fílling time FT = w 
= 2n- í 

b) Every two clock pulses (Figure 5) it ís produced one result, 
therefore 2n cycles are necesary for the total vector 
Computíng Tí me CT = 2n- 1 

e) Executíon Time T{n) = FT + CT 
:::: 4n- 2 

Area :::: w = 2n - 1 

Making an extensíon of the algorithm over e systolíc network (adding 
rows), we obtain a network for multíply e motrix times several vectors, 
theref ore an archí tecture f or metríx product (orthogonall y-connected, se e 
figure 3). 

The executíon time for this mode1 can be descríbed in this way: 

a) Fírst Row fí11íng time= 2n- 1 

b) Fírst vector computíng time: 2n- 1 

e) N-1 remainíng vectors computíng time: n-1 

T m (n) = 2n - 1 + 2n - 1 + n-1 = 5n-3 

Area m (n) :: w x n 
(2n- On 
2n2- n 

Fitting Rows Method (FRMl 

Proposed by Suros and Montagne {SMM, Suros/Montagne Model) in 
1987, describes how modífying the processor í nterna1 archítecture a; j 

stays for two IPSP cycles eliminating the every two clocks idle processor 
cycle. lt is required one application of FRM on B matrix to keep dataflow 
cons1stency (see Figure 4). 
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FIGURE 4 
Definition 

1 

1 

Let B = (bq) a n x n Matrix, f 1 and f2 two adjacents n elements B 

rows. 

f 1 = (b; 1 ; b; 2 ; .... , b¡ n) . 
' J ' 

f2 = {b; + 1 1 ; b; + 1 2 ; ... ; bi + 1 n) 
J J ¡ 

A row fítting is defined as: 

f 0 =f 1 Qf2 

f = (b¡ 1 ; bi + 1 ; ... ; b¡ n ; bí + 1 ,n) a , , 

where length (f ) ::: Length(f ¡) + Length (f2) 
él 

Therefore every n rows B matrix can be transformed to n/2 rows B 
matríx using FRM and the executíon time of the systolíc network using 
FRM ís gíven by: 

a) Fírst row fí11íng time: 2n-1 (w) 
b) First two vectors computíng tíme: 2n 
e) n/2- 1 remaíníng vectors computing 

Time: n/2- 1 
r m (n) = 2n - 1 + 2n + n/2 - 1 

i'J = 4.5 n -2 
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Areem(n)/2 

(2n2-n)/2 
n2- n/2 

Applying recursively the FRM we reduce the 1/0 bandwidth to one, but 
with less speed up. 

3. TWO lE\IEl PIPEUNING PlUS fiTTING ROWS METHOD (TlfRM) 

The two techniques to be described here wm accelerate the matrix 
product wHh the same area of FRM or reducing it by applying recursively n 
times FRM [4]. 

The first model, consists in broadcasting the a¡j values to all IPSP ín 

the same column of the systolíc network at the same time, reducing the 
time for matríx multiplícatíon to the time of matríx-vector 
multiplícation [6] (see Figure 5) 

T mo(n) = 4n-2 (without FRM) 

FIGURE 5 . ' 
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Combimng the 1Gtter techníque with FRM we obtain, a lot faster 
matrix product than with LKM (Leiserson/Kung Model) or FRM, using o 
smoller area, therefore better EPU is ~ch1eved. 

The second method uses a second level of pipelining inside each IPSP, 
consisting of a two four-st¡;¡ges floating point operal.ors, one for floating 
point addition and the other one for floí!lting poínt multiplicotion, 
therefore the reol pipe length is: 

LENGTH2pipe(n) :: w.8 

:: (2n-1) . 6 
= 16n - 8 Elements 

This change generates some minors modifications to the IPSP owing 
to the operands synchroni:z:ation of the add operator with the 
multipiícation result (see Figure 6). In arder to synchronize it is 
necessary to attach a four stages shift register. The systolic network 
general operation will be developed using FRM. 

This model executing time is: 

a) Filling Tí me: FT:: w 
= 2n-1 

b) First two vectors computing time is equal to the correspond1ng 
time ín theFRM divíded by the length of the írmer pipeline (eight in this 
study). Thí S í S: 

CT = 2n/6 

e) The n/2 remainíng rows computing t1me has two values 
depending on which is the chosen method, in the straight one (IMM, 
lsern/Montagne Model ), the time í s (n/2-1)/8 but comb1ning with the 
broadcast techníque (IMBM, lsern/Montagne Broadcast Model) this time is 
e qua l to zero. 

Tm 2(n) ::: 2n-1 + 2n(6 + n/16 - 1/8 
d :: 2.31 n- 1.12 

Tm 2b(n) ::: 2n-1 + 2n/8 

d ::: 2.25n- 1 
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FIGURE 6 

The systolíc network area is ec¡ual to the one obtaíned by the FRM. lt 
is possible to apply recursively the FRM reducíng 50~ of the prece-dent 
matrix on each applícation (IM2M, ii13M, lsern/Mont~gne Mode1 wlth 2 and 
3 fitting rows respectívely). Combining FRM with two level pipelining 
methOO we obtain a very fast algorithm with the minimum processor area. 

T m 22(n) = 
o ::: 

Aream 22(n) ::: 
o 

2n- 1 + 4n/8 + n/4.8- 1/8 

2.53 n- 1.12 
n2/2- n/4 

TABLE 1 and 2 sumar1zes exeeuting times for the studied methods, in 
constrast with von Neumann Model, VNM. 

MODEL 

VNM 

LKM 

SMM 

IMM 

IMBM 

1M2 M 

TIME 

5n- 3 

4,5n- 2 · 

2,31 n- 1,12 

2,25n- 1 

2,53 - 1112 

AREA 

2n2- n 

n2- n/2 

n2- n/2 

n2- n/4 

n2/2- n/4 

-~----~---=-~----~~---=-----------------------------=-------------------------~---------=------=-----=----=-~----------=------

TAI3LE 1 



MODEL TIME AREA EPU SPU 

VNM 512 

LKM 37 120 O, 11 13,63 

SMM 34 60 0,25 15,05 

IMM 17,36 60 ·0,50 29,49 

IMBM 17 60 0,51 30,11 

IM2M 19,12 30 0,89 26,77 

-------------------~----~--------------------------~------------------------------=------------==---------=----------~--~-----

T ABlE 2 (n:::8) 

Figure 7 show the executing time and figure e show the area. 

FIGURE 1 
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4. CONClUSION: 

·"" / 

-o- :J.(IN•w:n-N 
._ (~""2~-N/:2 
.Q'lo j,\.,p.•"P2,1:¡i-!\jp~ 

in concluswn, by the applicet1on of thís method to eny 
matrix we can helve the computation tíme in comparíson with SMM, 
keep1ng the same eree, furthermore ít is possible to heve the mínimum 
are a wíth the re cursi ve 1 y FR~1 app 1 í cal í on [ 4] and st í11 haví ng a better 
ti me then the SMf1. 
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